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Hypergeometric solutions to the g-Painleve equation 
of type 4 1} 

Taro Hamamoto and Kenji Kajiwara 

Graduate School of Mathematics, Kyushu University, 6-10-1 Hakozaki, Fukuoka 
812-8581, Japan 

Abstract. We consider the (j-Painleve equation of type (a version of q- 

Painlcve V equation) and construct a family of solutions expressible in terms of 
certain basic hypergeometric series. We also present the determinant formula for 
the solutions. 
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1. Introduction 

In this article we consider the (/-difference equation 

_ qt (Z + W + l) 
99 = 7 1 > 

62 / + - 
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7 , i (^llfc^k 

5+7- 



(1.1) 



h = hi (i = 1, 2, 3), £ = qt, s 
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where q is a constant and denotes the discrete time evolution. (|1.1|) can be also 
expressed as 
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(1.2) 



Oi = di (i = 1,2,3), ~z = qz, z = q?p, 
where the variables are related as 

1 , 2 . a 3 

— 03=0-1, t= -_ 

q? aia2&3 q^ai 



h = al, b 2 



b 3 = a 1 , t = — — z, f = atzx, g = a 1 a i zy. (1.3) 



Hypergeometric solutions to the q-Painleve equation of type A 4 2 

(|1.2[) was first derived and identified as one of the discrete Painleve equations with 
a continuous limit to the Painleve V equation in [21]. Sakai has classified (jl.Ij) as 
the discrete dynamical system on the rational surface of type which admits 

the symmetry of affine Weyl group of type [31]. Geometrical structure of 

the r functions on the A4 weight lattice has been investigated in [28] as well as 
various Backhand transformations. In this article, we denote (|1.1|) (or (|1.2|) ) as 
dP(A^) following the notation that was adopted in [23] • We also write as 
dP(j4^)[6i, 62, 63] when it is necessary to specify the values of parameters explicitly. 

It is well-known that the Painleve and discrete Painleve equations admit two 
classes of particular solutions; hypergeometric solutions and algebraic solutions. 
In particular, the determinant formula for the hypergeometric solutions play an 
important role in applications, for example, to the area related to matrix integration, 
such as random matrix theory [JJ[2J[l[lG3[Hl[l[i[l[ini[2I3[32J. The simplest 
hypergeometric solution to dP^^) has been obtained in [T5] [TBI [29] . The purpose of 
this article is to construct hypergeometric solutions to dP(A < 4 1 ^) fTTTJ) and present the 
determinant formula. In section 2, we construct the simplest hypergeometric solution 
through the Riccati equation which is reduced from by imposing a condition 

on the parameters. By applying a Backlund transformation we construct complex 
hypergeometric solutions and present the determinant formula in section 3. We give 
the proof in section 4. 



2. Riccati solution 



We first recall the definition of the basic hypergeometric series [H*] 



ai, . 



,,a T 
■ ,b s 



; q,z 



n=0 



(fflii ■ ■ ■ ,a r ] q) n 
(&!, . . . ,b s ;q) n (q;q) n 



(-1)"<7^ 



(2.1) 



where 



(ai,...,a r ;q) n = Y[(ai;q) n , {a; q) n = ]J(1 - aq k 1 ). (2.2) 

i=l k=l 

The simplest solution that is expressible in terms of the basic hypergeometric function 
is constructed by looking for the special case in which dP(A^) (|1.1[) is reduced to the 
Riccati equation. In fact, imposing the condition on (|1.1[) 

b 2 = 1 (2.3) 

then it admits a specialization 1 + / + g = to yield the Riccati equation 



9 



-qt- 



1 



/ = -(!+!) 



?t63(l - 61) + (qt - 1)/ 



(2.4) 



+ 1-5*6163 ' 5*6163 + ./" 

Linearizing the Riccati equation ()2.4|) by the standard technique, one obtains the 
following solution (see also [251 H31 [TB] ) : 

Proposition 2.1 Let -0 = ip(t, 61, 63) a function satisfying 

i/>{qt, 61, 63) = 6i^(*, 61, 63) + (1 - 61) ip(qt, 61/5, 63), (2.5) 

63^(5*, 61, 63) = V(*, 61, 63) + (63 - 1) i)(t, 61, 563), (2.6) 

qtbM{qt, 61, 63) - (5*6l - 1) ^(*, 61, 63) + i>(t, 561, 63), (2.7) 

qti>{qt, 61, 63) - (5*61 - 1) i>(t, 6i, 63) + 1){qt, 61, 63/5). (2.8) 
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Then 



(i) 
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f = qtb 3 (l - bi) — s - - , , g = 



ip{t,bi,b 3 ) 
iplt.b^qbz) 1 



(2.9) 



gives a solution of dP(A^) ITT)) with b 2 = l. 

It should be remarked that several basic hypergeometric functions satisfy the 
contiguous relations (|2.5p - (|2.8p |22j. For example, we have 

l/h,b 3 




(i) HtM,b 3 ) 
(ii) 

ip(t, 61,63) 
(hi) ^(^61,63) 



(2.10) 



(qt,l/t, 63^)00 
(^61,61635^)00 
(gt, 1/^,63; g)oo 
(^61,61635(7)00 

(6 3 i, g/6 3 £; g) 



291 



191 



9/63,0 
q/6163 

h/q 
6163/g 



g, l/i&i 

l/g,l/gt 

^3/9, l/<2*i 




1/9, *&i 



(2.11) 
(2.12) 

(2.13) 



(gi6i,g6i,g/6 3 ;g)oo 
In order to prove Proposition 12. II we use the following Lemma: 

Lemma 2.2 ijj(t,bi,b 3 ) satisfy the contiguous relations 

qtb 3 i>{qt, h,qb 3 ) = ^(t, 61, 63) - (1 - ^6163) V»(*> h,qb 3 ), (2.14) 

i6 3 iM^, 61, 63) = ip(t/q, qh,b 3 ) - (1 - t) ip{t, 61, 63). (2.15) 

Proof of Lemma 12. 21 Eliminating tp(t,bi,b 3 ) from (]2.5|) and (|2.7[) we have 

(^6163 - gi + i) ^(<jt, 61, 63) + (gibi - - l)^(«t, &i/<7, 63) = V>(*, g6i, 6 3 ).(2.16) 
61 61 

Similarly, eliminating -0(gi, 61/g, 63) from (|2-5[) and (|2.T[) f, 1 / q we obtain 

tb x b 3 ip{qt, 61, 63) - (£6i 2 & 3 + I-61) ^(t, 61, 63) = (1 - &!)(<&! - 1)V(«, 61/q, 63). (2.17) 
Then eliminating ip(qt,bi/q,b 3 ) from (|2.16p and (|2.17|) t— 7 » we get 

(1 - gt) i/>(qt, 61, 63) + ^63 V(g 2 i, 61, 63) = i/>(t, qh, 63), 

which is nothing but J2.15P f^, ; ; . Similarly, (|2.14p can be derived by eliminating 
ip(qt,bi,b 3 ) from (gD and (ESJIfc,-^. □ 

Proposition 12.11 follows immediately from Lemma \2. 21 In fact, dividing (|2.6[) by 
(gHH) we have 

1 ^(gt,6i,6 3 ) = _ 5_ _ V>(t,6i,b 3 ) + (fc3-l) f^buqh) = -,g + (63 - 1) 
qt ip(qt,bi,qb 3 ) qt ip(t, bi, 63) - (1 - qtbifo) ip(t, bx, qb 3 ) -g - (1 - qtbib 3 ) ' 

which is the first equation of (|2.4p . The second equation of (|2.4p can be derived in 
similar manner by dividing UA5$ t ^ qtM ^ bl/qM ^ qb:i by &J$b 3 ->qb 3 ■ □ 
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3. Determinant formula and bilinear equations 

3.1. Bdcklund transformations 



Sakai constructed the following transformations for the homogeneous variables x, y, z 

M 

h b 2 b 3 



of P 2 and the parameters 6, [i = 0, 1, 2, 3, 4) on the A± type {Mul.5) surface [31"ffl : 



b 4 b Q > x:y:z 

^1X2° ' ^ 4X V( Z + x ^ ' b2Z ( x + V + z )( x + buy + z) : x(x + z) 2 ) . (•'>.] ) 

b\ b 2 63 
b 4 /;,;. ;X:y[Z 

( SS> ; b 2 z(x + z)(x + y + z) : y((z + x)(b Q x + b 2 z) + b 2 yz) : b x{x + z) 2 )(3.2) 

/ 61 fe 2 &3 

(, b 4 b 5 r : " : - 

( ^bltibf ; 63a;(63:E + y + 53z) : y(63X + y + z ) : + y + *)) > ( 3 - 3 ) 
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w 2 



h b 2 63 \ / 61&2 ^3 

61 fe 2 &3 

bi b 

b\ b 2 63 
b 4 bo 



x --y- z )^\ \ blbQ i <^> 



W4 

\ U4 <JO 

Wo = <J 2 O W\ o cr 3 . (3-7) 
Introducing the variables / and g by 

/=-*-, g = z( 7!V } ' ( 3 - 8 ) 

z + a; x(z + it) 

then (|3. 1(1 - (|3.7j) can be rewritten as 
cr : (bo,b 1 ,b 2 ,b 3 ,b 4 ,f,g) h-> (b 2 ,b 3 ,b 4 ,b ,b 1 ,b 2 g, ^p), 

«*, : (60, 61, fc, /, 5) >- (£, &0&1, W>4, £?iT§J' £)' 

tui : (6 , 61, 62) >-> (&0&1, £7, M2), (3.9) 

u; 2 : (bi, b 2 , bs, f, g) » (hb 2 , b 2 b 3 , b 2 f££g- g , b 2 g ^ffiffi ), 

w 3 ■ (b 2 ,b 3 ,b 4 ,f,g) h-> (b 2 b 3 , ^,b 3 b 4 , 

w 4 : (&o.&3,&4,/,fl0 !-»■ (bobi,b 3 b 4 , ^,hf, g(1 1 "^ /) ), 

respectively, where the abbreviated variables are invariant with respect to the 
transformation. It can be shown by direct calculation that these transformations 

X Actions of these transformations are slightly modified from the original formula to be subtraction- 
free. 
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satisfy the fundamental relation of the (extended) affine Weyl group W(A^): 

w\ = 1, (w lWz±1 ) 3 = 1, {WiWj) 2 = \{j^i,i± 1), a 5 = 1, o a = 1, ^ 

awi = Wi+ 2 <r, o-'wo — w 2 a', <t'w 3 — w 4 a', a'wi — w\a' ', i 6 Z/5Z. 

We note that q — 1/(60^1^2^4) is invariant with respect to the Weyl group actions. 
The translation T = w 4 w 3 w 2 Wi<j 3 acts on bi as 

T : (&o, bi, b 2 , b 3 , 6 4 ) h-» (q6 , bi, b 2 , b 3 , b^/q), (3-11) 

and the action on / and g is nothing but dPf-A^) !!!.!!) for t — bo and s = 64. If we 
define the translations T (* = 1, 2, 3, 4) by 

T 1= a 3 T a 2 , T 2 = aT a\ T 3 = a 4 T a, T i = a 2 T Q a 3 , (3.12) 

then actions of T (* = lj 2, 3, 4) on the parameters are given by 

T\ ■ {bo,h, b 2 , h, h) ^ (bo/q, qb 1 ,b 2 , b 3 , b 4 ), 
T 2 : (6 , 61 , b 2 , b 3 , 64) i-> (6 , bx/q, qb 2 , b 3 , b 4 ), 
T 3 : {bo,b 1 ,b 2 ,b 3 ,b i ) i-» (6 , 6 X , b 2 /q, qb 3 , b 4 ), 
T 4 : (6 , bi, b 2 , b 3 , 64) h-» (6 , 61, 62, 63/*?, ^4)- 

and one can directly verify that T{Fj — TjTi (i, j = 0, 1, 2, 3, i ^ j) and T0T1T2T3T4 = 
1. Therefore if we regard To as the discrete time evolution, T (i — 1,2,3,4) can be 
regarded as the Backhand transformations. 

3.2. Determinant formula 

Let us apply the Backlund transformation T 2 on the Riccati solution obtained in 
Proposition ^. 11 Applying T 2 N times yields the solution for dP(A^)[q~ N bi,q N ,b 3 ], 
which is expressed as rational function in 1^. However the denominator and numerator 
can be factorized into two factors, respectively, and each factor admits determinant 
formula. More precisely, we have the following formula, which is the main result of 
this article: 

Theorem 3.1 Let T N (t,bx,b 3 ) (N e Z) be 

det(V>(t, q-^buq^h))^!,...^ (N > 0), 

r A (/./,,./»;,) : { 1 (N = 0), (3.14) 

det(VX^^- 1 6i,g- 4+1 &3)) tJ =i,...,M (N = —M < 0), 



The 



f = 



aN+Uh h n-N h \ T N(t,h,qb 3 ) T N+1 {gtM/q,qb 3 ) 

q tb 3 (l - q bi) — — — (iV > U), 

T N (qt,bi q,qb 3 ) T N+1 (t,bi,qb 3 ) 



T N (t,qbi,b 3 ) T N+ i(qt,bi,b 3 ) 
T N (qt,bi,b 3 ) T N+1 {t,qb u b 3 ) 

T N (t,b 1 /q,q 2 b 3 ) T N+ i{t,bi,b 3 ) 
T N (t,bi/q,qb 3 ) T N+1 (t, 61, qb 3 ) 



(N<0), 

(3.15) 



(iV>0), 



^ Tjvft,bi, g 6 3 ) T N+1 (t,qb 1 ,b 3 /q) 

qt{b 3 - 1) — - r (Jy < Uj, 

T N {t,bi,b 3 ) TN+i(t, qbi, 63) 

safe/t/rfPf4 1) ;[ g - JV 6 1 , (Z w ,6 3 ]. 
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We introduce a notation for simplicity 

T N (t,q m h,q n b 3 )=T%' n (t). (3.16) 

Theorem 13. II for N > is a direct consequence of the following Proposition: 

Proposition 3.2 For N > 0, t n ' (t) satisfy the following bilinear difference 
equations. 

(l-g-%)r^(t) T-^+q^hT-^iqrt) r°/ +1 (t) 

-q- N r^ 1 (t)r°/ +1 (qt) = 0, (3.17) 
qthil-q-^y/it) r^liq^+q^r^iqt) r°/ +1 (t) 

-r N 1 - 2 (qt)T a / +1 (t) = } (3.18) 
qt(l - q- N b 1 )r^ 1 (t) T^{(qt) + q~ N t w M (qt) r#+ x (f) 

■■-"-- 1 '\t)T%Uqt) = 0, (3.19) 



•N 



-N -1,1 
N 



- (1 - 9 - w 6i)(l - ^t^r^r^) = 0, (3.20) 

-AT -1,1 /jA 0.1 /j\ -1,2/jA 0,0 /,\ 

+ ^ +1 t63(l - r°/(t/q) T^l(qt) = 0, (3.21) 

—Nj. -1,1/x'i 0.1 /,n -l,2/.\ 0,0 /,\ 

+ (1 - g-^tfti) T-^'^gt) r^ x (t/g) = 0. (3.22) 

In fact, Theorem 13. II for N > can be derived from Proposition 13.21 as follows. We 
have from (|3.17p by using (|3. 15|) 

(3.23) 

We also have from (|3TT5|) and (|3~19j) 



l ' 2 (gi) T#° x (t) 



r 



T W TjV+lO) 



respectively. Therefore we obtain 

(/ + !)(/ + 6a) g^" 1 ^ 1 ' 2 (^)^+i(9*)^'+i(*)^ 1 ' 2 (t) g^ 1 



ffff, (3-26) 



/+7 * r jv ' (<?i) T jv'+i(^) T jv+iW T jv ' (*) i 

which is the first equation of (|1.1[) . Similarly, from (|3.20p t ^^. (|3.2ip t_w and 
(|3~22)) ^^ we get 

1 + hg = q N (l «T%)(1 - ^ N+ H bl )^^f- (3.27) 

l + q N 9= -q 2N+2 tb 3 (l q-» bl ) ^^l^l ■ ( 3 ' 28 ) 



r 



qt + q N g = -q» (1 q^+Hh) ffi^H^ ' (3 ' 29) 



(1) 

4 
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respectively. Then we have 

(l + ^gXl + g^ff) , 
qt + q N g 

which is the second equation of (|1 . ip . Therefore we have verified that Theorem 13.11 
for N > follows from the bilinear equations (|3.17p - (|3.22[) in Proposition 13.21 We 
omit the proof for the case of iV < since it can be proved in similar manner. 



(3.30) 



4. Proof of Proposition [3721 

The bilinear equations (|3.17|) - (|3.22p can be reduced to the Plucker relations 
which are quadratic identities among the determinants whose columns are properly 
shifted. This can be done by constructing "difference formulae" that relate the 
"shifted" determinants with T^' n (t) by using the contiguous relations of ip. This 
technique has been developed in [26l [27] and applied to various discrete Painleve 
equations[H H3mi321[I3[]33ll3l21l23ll]]- In this section, we prove the bilinear 
equation (|3 . 1T[) as an example. Since other bilinear equations (|3.18[> - (|3.22[) can be 
proved in similar manner, we leave the details in the appendix. 
We first introduce the following notation: 

?A(M m &i,<z"&3) iKt.9 m ~ 1 *>i,9 n &3) 
V>(i,<7 m 6i,g n+1 & 3 ) iKt,<? m - 1 &i,« T,+1 & 3 ) •• 



T N ' (*) 



^(t,q m - N+l b liq n b3) 
i>{t,q m - N + 1 b ll q n+1 h) 



= | *m,n(i) *m-l,n(f) ' ' ' *m-W+l,nO) | , 

where ^ m ,n(t) denotes a column vector 



*m,n(i) 



/ V(i,9 m &i,9™63) \ 
V-(t,(? m 6i,g™ +1 63) 



^(t,q m - N+1 b 1 ,q n + N - 1 b 3 ) 

(4.1) 



(4.2) 



Here we note that the height of the column vector is N, but we use the same symbol 
for the column vector with different height. Then we have the following difference 
formula: 

Lemma 4.1 



*m,n(*) *m,n(V?) 

jV-2 

n (9 

fc=0 



••• y m -N+2,n(t/q) 
m-k bl _ ^ 

m.n / , \ 
Tat 



(W-l)(2m-W-2) , N _, 

q 2 6 



(4.3) 



*ro, n (*/g) *ro-l,n(t) *m-l,n (*/<?) 
iV-2 



*m-JV+2,n(*/?) 



II (g m " fe 6i 



1) 



fc=l 



(JV-l)(2m-iV + 2) at-, 

3 2 6 1 



(4.4) 
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Proof. Using the contiguous relation (|2.5|) on the iV-th column of the determinant in 
(|4.1[) . we have 



N 



(0 I ^ ra.nij^) ^ rn — l,n(^) 



^ m — 



-^r n -JV + 2,r,(t) + g"' W + 2 bl1' m -W + 2,„(t/'?) 
gm _JV + 2f)l _ 1 



*m-7V+2,ri(^) 

*TO,n(*) ■ ■ ' *m-JV+2,n(*) *m-JV+2,n(i/<7) 



q ,n-N+2 bl _ l 

Applying this procedure from the 7V-th column to the second column we obtain 

(JV-l)(2m-W + 2) ^JV-l 

| *m,n(*) *m,n(*/«) '•• *m-JV+2,„ (*/<?) |> ( 4 - 5 ) 



T"JV 0) = - 



L 6f 



iV-2 



JJ (g m - fc fei - 1) 



fc=0 



which is nothing but 14.31) . At the stage where the above procedure has been applied 
up to the third column, we have by using (12. 5p on the first column 



m.n / 1 \ 
T N (*) 

(Af-2)(2m-JV + l) 
g 2 *>! 

JV-2 

II (q rn - k bi - 1) 
fc=l 

(jV-2)(2m-W + l) , JV-2 



*»,n(t) *m-l,r.(<) #m-l,n(*/?) 



v E , m-jV+2,n(V<?) 



JV-2 

II (g m - fe &i - 1) 
fe=l 



X | 9 m bl* m ,„(t/g)-(g m &l-l)$ m -l,„W *m-l,n(*) *m-l,»(t/«) 



m-7V+2,n 



(JV-l)(2m-W + 2) 

g 2 by 



JV-2 

n or-*** - 1) 
fe=i 



x I ^ m , n (t/q) * m _i, n (i) * m _ 1)T ,(i/g) 
which is (|4.4p . This completes the proof. □ 



*m-JV+2, «(*/<?) I , 



Now consider the Pliicker relation 

X I ^m, n {t/q) ■ ■ ■ & m - N+ 3, n (t/q) *m-JV+2,n(i/g) </> | 
- I $> m+ l, n (t/q) V m ,n{t/q) ■■■ ^m-N+3,n(t/q) * m _JV+2,n(*/?) 



X | * m ,n(*) *m, n (*/<?) " 
+ | *m+l,n(*/«) *m,n(*/«) 
X | # m ,„(t) y m ,n(t/q) • 

where is the column vector 





V i / 



^ m -jV+3,n(*/9) | 

* m _JV+3,n(*/9) *m-JV+2,n(Vg) 



(4.7) 



(4.8) 
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Applying Lemma FOl to (|4. 7[) we have 

m+l,n/,\ m.n / . / \ m+lz, m+l,n/i / \ m,n /i\ 
T N W T Ar-lW<?) - 9 fo l r W (V?) T Af'lW 

■ jV — l/i m — N-\-2-L \ m+l,n/,/ \ m.n/,\ n 

+ 9 (1-9 &i) 7-jv-i (*/?) (*) = 0. 

Putting N ->• JV + 1, t ->• qt, m = -1 and n=lwe obtain (|5T7|) . □ 
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Appendix: Proof of bilinear equations 

In this appendix we prove the bilinear equations (|3.18|) - (|3.22[) . We first note that 
T^' n {t) admits various determinantal expressions, which play an important role in 
proving the bilinear equations. Taking the transpose of the right hand side of (|4.1|) , 
we have 



'JV 



\t) 



where 



*m,n(i) 



*m,n(*) *m,n+l(*) 
/ ^{t,q m b^q n h) \ 

V ^(t ) g m - JV + 1 6i ) g™6 3 ) / 



m,n+jV — 1 



(*) 



(A.l) 



(A.2) 



It is also possible to express T^' n (t) by the determinants with different structure of 
shifts. 



Lemma A.l T™' n (t) can be expressed as follows: 



m,n,,\ TT I 1 °3 

r - <*> = n { qn+k - r^n 



X f m ,„(f) Vm,n(qt) 



n 

fe=i 

X I * m ,«(t) * m , n+ l(t) 



g m-fc+l &1 _ J 



= (-1) 



iV-1 

11(9 



ra+fc— lz. \N—k 



b 3 y 



^m,n+N-l{t) 
N-l 

n 



fe+i 6i 



*m,n(*) *m,«+l(g _1 i) ••• ^m,n+N-l(<r Ar+1 <) 



(A.3) 



(A.4) 



(A.5) 
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where the column vectors are given by 
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^ m,n(^) 



/ i>(t,q m bi,q n h) \ 
^(q-H,q m h,q n b 3 ) 

V ^(q- N+1 t 1 q m b 1 ,q n b 3 ) ) 



/ i>(t,q m bi,q n b 3 ) \ 
^(qt,q m b l7 q n b 3 ) 



\ i>{q N -H,q m b u q n b 3 ) / 



,(A.6) 



respectively. 



Proof. We prove (|A.3[) . Using the contiguous relation (|2.6[) to the 7V-th column of 
the right hand side of (|A.1|) . we get 



*m,n(i) *m,,i+l(t) 
q n+N-2 h 



Vm,n+N-2(t) q n + N - i b 3 -l 



q n+N-2 b3 _ I 

Applying this procedure up to the second column, we have 

N-l 



^ m, n+N-2(t) ^m,n+N-2(qt) 



n n-\-k— 1 l 
= II a n +k -l b _ I *m,n(t) 



fe=l 



Continuing this procedure we obtain 



'N 



\t) 



n 

\ fc=i 



q n+k-l b 



q n+k - 1 b 3 - 1 



(JV-2 
n 
fe=i 



*m : n+Af-3(9i) *m,n+JV-2(^) 



g «+fe-i5 3 - i J \q n b 3 - 1, 



N-l 

n 

fc=i 



^^3 



which is (1A.3|) . As to (|A.4ll and (|A.5j) wc omit the details and only describe the 
method, since one can prove them by the similar calculations. In order to prove (|A.4j) 
we use the contiguous relation (|2.5p on (|4.1|) repeatedly. For (|A.5|) we use (|2.5[) on 
(I A.3|) to express T^' n (t) by the determinant in which £ is shifted in both horizontal 
and vertical directions. Finally we use (|2.6|) on this determinant to derive (|A.5p . □ 



Now the bilinear equations ()3.18p - ()3.22|) can be proved by the same procedure as 
that in section |U Therefore we do not repeat the procedure, but give the list of data 
which are necessary for proof of each bilinear equation. 

(B38D 



(i) Expression of T™ ,n : (|A.lj) 

(ii) Difference formula: 



*n»,n(t) *m-l, n +l(g*) 



^m-l,n+N-l (gt) 

i 



N—l 



T N (*)) 



(A.7) 



(W-1)(2ti + W) 

g 2 (tb 3 ) 



N-l 
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(i) 



*m-l,«+l(<?£) ^m,n+l(t) ^> m -l >n+2 {qt) ■■■ ^m-l.n+N- 1 (?*) 

1 



(W-l)(2n + W) 



JV-1 



where 



fe=0 



V gm -^i 6l - 1 ^(*,g m - jy+1 &i,g"ft 3 ) 

(iii) Contiguous relation to be used for derivation of difference formula: 

ip(t, h,qb 3 ) = tp(t, bi, 63) + 5^3(61 - 1) ^(3*1 963)- 
(jA.lpp can be derived by eliminating tp(<jt,bx^qb^) from (|2.5|) h 2 ->ghn and 

(iv) Pfiicker relation: 

°= * m _i,„(gt) * m ,„(t) * m _i,„ + i(gt) ••• * m _i !n+ jv_ 2 (gt) 

$m-l,n+l(<?0 $ m -l,n+2(qt) ••• $ m _i,„+iV-l (<?*) 
*m-l,n(g*) *m-l,n+l(gi) ■■• * m -l,«+Ar-l(gt) 



^m,n(^) ^m— l,n+l 
*m-l,n(tf*) *m-l,n+l(5*) 



X 

where 



*m,n(*) *m-l,n+l(?*) 



/ 1 \ 





v y 

dfflD: 

(i) Expression of r^' n : (|A. 1[) 

(ii) Difference formula: 

jJV-1 



*m-l,n+iV-2 (gt) 0' 
^m— l,n+JV— 2 



JV-1 



•N 



n (g m - fc t6i - 1) 



k=0 



(t/q) ^ m ,n+l(t) % m ,n+2(t/q) 



m,n+JV — 1 



(*/«) 



WV-2 



AT-1 



TjV (*)> 



n (ff"*-^ - 1) 
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where 



(i) 

4 



t m , n (t) 



12 



(A.15) 



(iii) Contiguous relation to be used for derivation of difference formula: (|2.8 

(iv) Plucker relation: 



= 



VmAt/q) *m,n(*) *m,n+l(*/«) 



m.n+ 



N-2(t/q) 



(t/q) * m , n+2 (t/g) 

$m,nO/<7) * TO , n +l(*/?) ' 



(*/«) 0' 



#m,n(*) * 



m,n+l 



(t/q) 



+ 



m,n+l (t/q) ■ 
#m,n(f) *m,n+l(*/9) 



+N-i(t/q) 
^m,n+N-2 (t/q) <t>' 

■ &m,n+N-l(t/q) 



(A.16) 



(v) Derivation of (I3.19|) : applying the difference formula to the Plucker relation we 
have 



qtr N ' (t) Tj} +1 (qt) + (l-qtbi) t n ' (qt) Trf +1 (t)-T N ' (t) T^ +1 (qt) = 0.(A.17) 

We obtain (|3 . 1 9|) by eliminating the term T^ 1 ' 1 (i) T^.^qt) from (|3.17p and 
(El7|. 

(i) Expression of r™' n : (|4. 1 [) 

(ii) Difference formula: 

| *m,n(*) *m,n-l(t) #m-JV+2,n-l(*) | 

]V-2 

IJ (q m - k b 1 - 1) (1 - q m -Hbi) 



(W-l)(2,n-.V + 2) , 

9 2 6 1 



V&m,n-l(*) *m-l,n(*) #m-l,n-l(*) 



— t jv 0)> 



(A.18) 



AT-2 



J-J- ( g m-fe 6l - 1) (1 - q m -Hb x ) 



k=l 



(JV-l)(2m-JV + 2) 



T N ' (t)- 



(iii) Contiguous relation to be used for derivation of difference formula: 

, / ,x ip(t,b!,b 3 ) -bi i/j(t,b 1 ,b 3 /q) 
ip\t,b 1 /q,b 3 ) = - 



(A.19) 



(A.20) 



(l-6 x )(l-t6i) 

(|A.20|) can be derived by eliminating ip(t/q, b\,b 3 ) from (|2.5|) ^< / q and (12.8l) ^w ? . 



(1) 

4 



13 
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(iv) Plucker relation: 

= | * m +l,n-l(*) *m,n(i) *m,n-l(*) *m-W+3,n-l(<) | 

x | * m ,„_i(t) ••• * m— 7V+3,n — 
— | *m+l,n-l(*) ^m,n-l(i) *m-JV+3,n-l(*) ^m-iV+a.n-l (*) | 

X | V m , n (t) *m,n-l(t) tf m _JV+3,T.-l(*) <f>'\ 

+ | * ro +l,„_l(t) V m , n -l(t) ■■■ V m -N+3,n-l(t) | 

* m -iV+2,Ti-l(*) |- (A. 21) 

(i) Expression of r™ : ": ()A.4j) 

(ii) Difference formula: 



#m,n(*) $> m -l, n+ l(qt) ■■■ ^m-l,n+N-l{qt) 



= (q n tbs(q m h - 1)) 1_JV H 



k=l 



q m-k+l bl _ I 



k-N 



r™> n (t), (A.22) 



* ro _l, n +l(gi) ^m,n+l(t) ^ m -l,n+2(qt) ■•■ * m _l, n+ JV-l(Q , t) 



7V-1 



= - (q n Mq m h - l)) l - N H 



fc=i 



-fe+i 6i 



g m-fc+l^ 1 _ 1 



fc-JV 



r™'"(*)> (A.23) 



where 



( iP(q%q m b liq n b 3 ) \ 

qiP(q l -H,q m b u q n b 3 ) 



(A.24) 



V q N - 1 i } {q l - N+ H,q m b l ,q n b z ) ) 

(iii) Contiguous relation to be used for derivation of difference formula: 

iP(t, 61,963) = ^(t, 61, 63) + 9*63(61 - 1) ^(gt, 61/g, 963). (A.25) 
(|A.25|) can be derived by eliminating ip(qt,bi, qb 3 ) from &lj§b 3 ~>qb 3 and (|2.14p . 

(iv) Plucker relation: 

0= % m _i tn (qb) $ m ,n(t) * m -l,n+l(Q , t) ■■■ * m _l, n+ JV_2(^) 

x| ^rn-l,n+l{qt) ■■■ $ m -l,n+N-2 («*) *m-l,n+AT-l (q 1 *) 0' | 
- I * m -l,„(g , i) $ m _l, n+ l(^) ... * m _i >n+ AT-2(gi) * m _l,„+jV-l(<#) 



*m,7j(*) *m-l,«+l(^) ■■■ * m -l,n+JV-2(g 1 *) 4>' 
+ I * m -l,„(qt) * m -l,„+l(gt) ... ^m~l,n+N-2(qt) 4>' 



^m,n(t) ^ m -l,n+l(qt) ■■■ *m- l,n+N- 1 (<#) 



(A.26) 
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(ii) Difference formula: 



(i) 

4 



14 



*m,n(*) *TO-l,n+l(*) * 'm-l,n+N -l(q- N+ H) 



N-l 



k=l 



N-l 

n 



6i 



? m-fc+15 1 _ I 



k-N 



T N ' (*), 



(A.27) 



* m _l,„+l(t) * m ,„+l(t/g) * m _l,„ +2 (t/9) ••■ *m-l,T»+JV-l(? + *) 



-(-i)^(^(o 1 -i)) 1 " iV n(^ +fc - i ^) fc 

V ' ' q m - k + l b x 



N-l 



-N 



n 



fe=i 

fc-iV 



g m - fe+1 6i - 1 



r JV (*)> 



(A.28) 



where 



/ ^{q%q m b liq n b 3 ) \ 



(A.29) 



V g-^+W+^.^&i,^) / 

(iii) Contiguous relation to be used for derivation of difference formula: 

1>(t, h,b 3 ) = i/,(qt, bxMfa) + - 1) 1>(<it, h/q, b 3 ). (A.30) 
(|A.30[) can be derived by eliminating ip(qt, b\, b 3 ) from (|2.5p and (|2.8|) . 

(iv) Pliicker relation: 

°= *m-l,n(?*) $ m ,n(t) i-l,n+l(() ••■ $m-l,n+Ar- 2 ('7 _Ar+3 t) 

$ m _!, n+1 (i) ••• $ m -Un+N-2{q- N+3 t) $ m -l,n+N-l(q- N+2 t) <f>' 

*m-l,n(?*) *m-l,n+l(0 ••■ *m-l,«+JV-2(g _JV+3 t) $ m _l, n+ iV-l (cT^ 2 *) 



*m,7>(*) *m-l,«+l(t) ■■• *m-l,„+W-2(<7 _Ar+3 t) 0' 



*m,n(t) *m-l,n+l(«) 



m— l,n+JV— 1 



(<T^+ 2 i) 



(A.31) 



(v) Derivation of (|3.22[) : applying the above difference formula to the Pliicker relation 
we have 



•n 



(H) r^ +1 (t/q)+t(l-q- N b 1 ) r^(t) r"^(t) - r N ^ (t) r^ +1 (t) = 0.(A.32) 
We obtain (|3T22]) by eliminating the term r^ X (t) r^J(t) from (f3T20]> and (|A~32|) . 
This completes the proof of Proposition 13.21 □ 
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